Let p ≥ 2 be a large prime, and let k ≪ log p be a small integer. This note proves the existence of various configurations of (k + 1)-tuples of consecutive and quasi consecutive primitive roots n+a 0 , n+a 1 , n+a 2 , . . . , n+a k in the finite field F p , where a 0 , a 1 , . . . , a k is a fixed (k+1)-tuples of distinct integers.
Introduction
Let p ≥ 2 be a large prime, and let F p be a finite field. The order ord p α = d of an element α ∈ F p is the smallest divisor d | p − 1 for which α d ≡ 1 mod p. An element of maximal order ord p (α) = p − 1 is called a primitive root. This note is concerned with the configurations of subsets of primitive roots in finite fields. A configuration deals with the existence of (k + 1)-tuples of quasi consecutive primitive roots n + a 0 , n + a 1 , n + a 2 , . . . , n + a k ,
where a 0 , a 1 , . . . , a k is a fixed (k + 1)-tuples of distinct integers, in a finite field F p , or in large subsets A ⊂ F p . The corresponding counting functions have the forms n∈Fp Ψ (n + a 0 ) Ψ (n + a 1 ) · · · Ψ (n + a k ) f (n + a 0 ) f (n + a 1 ) · · · f (n + a k ) ,
and n∈A Ψ (n + a 0 ) Ψ (n + a 1 ) · · · Ψ (n + a k ) f (n + a 0 ) f (n + a 1 ) · · · f (n + a k ) ,
respectively, where Ψ : N −→ {0, 1} is the characteristic function of primitive roots modulo p, see Section 9, and f : N −→ Z is an arithmetic function. The function f restricts the sequence of (k + 1)-tuples of quasi consecutive primitive roots to certain subsequence of integers. There are many possible classes of clusters and constellations of primitive roots generated by the different classes of (k + 1)-tuples. The precise results for some of the various restricted (k + 1)-tuples of configurations of quasi consecutive primitive roots are detailed below.
Consecutive Primitive Roots
The earliest works on consecutive primitive roots seems to be that in [6] or before. The author proved a general result for the existence of consecutive primitive roots. The proof is based on the divisors dependent characteristic function for primitive roots, see Lemma 9.1. Later, a qualitative result for the existence of some consecutive primitive roots was proved in [56] . A quantitative and weaker result for two consecutive primitive roots is proved in [50] , the same result, but emphasizing the numerical aspects, is also proved in [10] . More recently, some partial result but no proof for k-consecutive primitive roots appears in [55] .
Theorem 1.1. Let p ≥ 2 be a large prime, and let k ≪ log p be an integer. Then, the finite field F p contains (k + 1)-tuples of consecutive primitive roots. Furthermore, the number of (k + 1)-tuples has the asymptotic formula
where ε > 0 is an arbitrary small number.
The complete proof for this case is given in Section 15.
Theorem 1.2. Let p ≥ 2 be a large prime, and let k ≪ log p be an integer. Then, any large subset of elements A ⊂ F p of cardinality p 1−ε/2 ≪ #A contains (k + 1)-tuples of consecutive primitive roots. Furthermore, the number of (k + 1)-tuples has the asymptotic formula
The average length of (k + 1)-tuples is k ≪ log p/log log log p. This statistic is dependent on the primes decomposition of the average totient p − 1. Asymptotically, highly composite totients p − 1 have slightly shorter lengths k ≪ log p/log log p. The Fermat and Germain totients have the longest lengths, namely, k ≪ log p, the details appears in Lemma 14.1. The distribution of (k + 1)tuples of consecutive primitive roots is a very interesting research problem. The numerical data is not adequate to make any strong heuristic, but it suggests that the (k + 1)-tuples of consecutive primitive roots are not uniformly distributed.
Consecutive Squarefree Primitive Roots
The result for a single squarefree primitive root n in a finite field F p , which is a special case of Theorem 1.4, is proved in Theorem 17.1. A result for two consecutive squarefree primitive roots n and n + 1 in a finite field F p is given in Theorem 17.2 and a result for three consecutive squarefree primitive roots n, n + 1 and n + 2 is given in Theorem 17.3. The next case for four squarefree primitive roots n, n+ 1, n+ 2 and n+ 3 is not feasible, see (15) . However, there are other sequences of integers that support long strings of quasi consecutive squarefree primitive roots. Theorem 1.3. Let p ≥ 2 be a large prime, and let k ≪ log p be an integer. For any admissible (k +1)-tuples a 0 < a 1 < · · · < a k , the finite field F p contains (k +1)-tuples of consecutive squarefree primitive roots n + a 0 , n + a 1 , n + a 2 , . . . , n + a k .
Furthermore, the number of (k + 1)-tuples has the asymptotic formula
The complete proof for this case is given in Section 17.
Consecutive s-Power Free Primitive Roots
Let s ≥ 2 be a small integer. A primitive root n ∈ F p is s-power free if and only if it is not divisible by an s-power, exempli gratia, r s ∤ n for all prime r ≥ 2. This idea generalizes the idea of squarefree primitive roots.
Theorem 1.4. Let p ≥ 2 be a large prime, and let s ≥ 2 be a small integer. Then, the finite field F p contains s-power free primitive roots. Furthermore, the number of such elements has the asymptotic formula
where ζ(s) is the zeta function, and ε > 0 is an arbitrary small number.
Theorem 1.5. Let p ≥ 2 be a large prime, and let a 0 = a 1 and s ≥ 2 be small integers. Then, the finite field F p contains a pair of consecutive s-power free primitive roots n + a 0 and n + a 1 . Furthermore, the number of such pairs has the asymptotic formula
where ρ(s) = 1, 2, and ε > 0 is an arbitrary small number.
The complete proofs for these cases are given in Section 18.
Consecutive Primitive Roots And Relatively Prime
The earliest work considered the existence of primitive roots relatively prime to p − 1. In other words, the case q = p − 1 was proved in [27] using the divisors dependent characteristic function in Lemma 9.1. A generalized version for q ≤ p − 1, using the divisors free characteristic function in Lemma 9.2, is realized in Theorem 1.6. In addition, for a ≥ 1, a result for two consecutive primitive roots n, n + a, and relative prime to q = q(a) is proved in Theorem 1.7. Both of these results are appear to be new in the literature.
Theorem 1.6. Let p ≥ 2 be a large prime, and let q < p be an integer. Then, the finite field F p contains primitive roots relatively prime to q. Furthermore, the number of such elements has the asymptotic formula
where ε > 0 is an arbitrary small number. Theorem 1.7. Let p ≥ 2 be a large prime, let q < p be an integer, and let a ≥ 1 be a fixed integer. Then, the finite field F p contains a pair of quasi consecutive primitive roots n, n + a, relatively prime to q = q(a). Furthermore, the number of such pairs has the asymptotic formula
where c 2 (q, a) ≥ 0 is a dependence correction factor, and ε > 0 is an arbitrary small number.
Both parameters c 2 (q, a) ≥ 0 and q = q(a) depend on a ≥ 1. For instance, for a = 2b + 1 odd, the value q = q(a) must be odd, and c 2 (q, a) > 0, otherwise c 2 (q, a) = 0 for even q. The complete proof for both of these cases are given in Section 19.
Results For Arithmetic Functions
Several results for some arithmetic functions required in later sections are recorded here.
Prime Divisors Counting Function
Let p i ≥ 2 denotes the ith prime in increasing order, and let n ∈ N be an integer. An integer has a unique prime decomposition n = p v1
The number of prime divisors ω(n) of a random integer n ∈ N is a normal random variable with mean log log n, and standard error √ log log n, as verified below.
Theorem 2.1. Let x ≥ 1 be a large number, and a ≤ q = o(log x) be a pair of integers. Then, ω(n) has the followings average orders in an arithmetic progression.
where β(q, a) = 0 and C(q, a) are constants.
Proof. (i) Let {x} ∈ (0, 1) be the fractional function. The finite sum k≤x/p 1 tallies the number of integers n ≤ x divisible by a prime p ≤ x. Thus,
Apply Mertens theorem in arithmetic progression to the first finite sum, and estimate the second finite sum to obtain this:
where β(q, a) = 0 is a constant.
Observe that there are a few versions of Mertens theorem in arithmetic progression, see [13, (i) The average number ω(n) of prime divisors p | n satisfies ω(n) ≪ log log n.
(ii) The maximal number ω(n) of prime divisors p | n satisfies ω(n) ≪ log n/log log n.
Proof. (i) Set a = 1 and q = 2 in Theorem 2.1-i. (ii) Set n = p≤x p, and employ routine calculations.
Both of these results are standard results in analytic number theory, see [40, Theorem 2.6 ].
Mobius Function
where the p i ≥ 2 are primes.
The function µ is quasiperiodic. It has a period of 4, that is, µ(4) = · · · = µ(4m) = 0 for any integer m ∈ Z. But, its interperiods values are pseudorandom, that is, the values µ(n), µ(n + 4), · · · , µ(n + 4m) (15) are not periodic as n → ∞.
3. An integer n ∈ N is said to be s-power free if for each prime p | n, the maximal prime power divisor is p s−1 || n. Equivalently, the p-adic valuation v p (n) = s − 1 for any s ≥ 2.
The 2-free integers are usually called squarefree integers.
Definition 2.4. The characteristic function for s-power free integers is defined by µ s (n) = 1 if p s ∤ n for any prime p | n, 0 if p s | n for any prime p | n.
The characteristic function for s-power free integers is closely linked to the Mobius function.
Lemma 2.2. For any integer n ≥ 1, the characteristic function for squarefree integers has the expansion µ(n) 2 =
More generally, the characteristic function for s-power free integers has the expansion
The case s = 2 for squarefree integers is usually denoted by µ 2 (n) = µ 2 (n). Some early works on this topic appear in [7] and [36] . 
Lemma 2.3. Let n ≥ 1 be an integer. Then,
(ii) d|n µ 2 (n) = 2 ω(n) .
Extreme Values Of The Totient Function
Some estimates for the extreme values of the Euler totient function are stated in this subsection. The Euler totient function counts the number of relatively prime integers ϕ(n) = #{k : gcd(k, n) = 1}. For each n ∈ N, this counting function is compactly expressed by the analytic formula
The explicit lower bound ϕ(n) n > 1 e γ log log n + 5/(2 log log n) (21) and other estimates are given in [48, Theorem 7] . The maximal values of the Euler function occurs at the prime arguments. Id est, ϕ(p) = p − 1 < p. There are other subsets of integers that have nearly maximal values. In fact, asymptotically, these integers and the primes number have the same order of magnitudes. Proof. (i) Observe that log n ≥ p≤log x log p, so that p ≤ log x ≤ 2 log n. Hence, a prime divisor q | n = 1 + p≤log x p implies that q > log n. Consequently, there is the upper bound
In the other direction, there is the lower bound
≥ n log n<p≤2 log n 1 − 1 p = n + O n log log n .
Both relations (22) and (23) confirm the claim. (ii) The prime divisors of n + 1 are q = 2 and some prime q > log n, so the claim follows from ϕ(n + 1) = (n + 1)
Theorem 2.2. Let p ≥ 2 be a large prime. Then, the followings extreme values hold.
The totient function have a wide range of values, as confirmed by Lemma 2.4, and this accounts for the wide range and large gaps in the sequence of totient gaps
The gap can be as small as ϕ(n + 1) − ϕ(n) = 0, and it can be as large as ϕ(n + 1) − ϕ(n) = n/2 + O (n/log n). For example, ϕ(4) − ϕ(3) = 0, and ϕ(2 · 3 · 5 + 1) − ϕ(2 · 3 · 5 + 2) = 14.
Summatory Functions For Squarefree Integers
The subset of 2-power free integers are usually called squarefree integers, and denoted by
and the complementary subset of non squarefree integers is denoted by
The number of squarefree integers have the following asymptotic formulas. 
Proof. Use Lemma 2.2 or confer to the literature.
The constant coincides with the density of squarefree integers. Its approximate numerical value is
where q ≥ 2 ranges over the primes. The remainder term
is a topic of current research, its optimum value is expected to satisfies the upper bound R(x) = 
Proof. The generating series for squarefree integers is ζ(s)/ζ(2s) = n≥1 µ 2 (n)n −s at s = 2. The Perron intergral yields
where c = 0 is a constant. The coefficients c ρ are indexed by the zeros ρ ∈ C of the zeta function ζ(s). Since the zeta function has a zero ρ 0 = 1/2 + i14.134725 . . ., the claim follows. 
Proof. Consult [25] , [58] , and the literature.
The range of moduli q ≤ x 2/3 is discussed and improved to q ≤ x 1−ε in [41] . The q-dependence in the constant 1 q n≥1 gcd(n,q)=1 µ(n)
propagates the dependence in the asymptotic formula for consecutive s-power free integers. For example, the probability or density of two consecutive squarefree integers is not 6/π 2 2 , but a more complicated expression similar to (34) . The equidistribution of s-power free integers in arithmetic progressions is affirmed by the result below. This also indicates a level of distribution of 2/3 over any arithmetic progression {n = qm + a : m ≥ 1}. 
where d = gcd(a, q) and c > 0 is an arbitrary constant.
Proof. Consult [46] and the literature. 
Proof. The proof is lengthier and more difficult than Lemma 3.1, see [14, Lemma 2].
Correlation Functions For Squarefree Integers
A sequence of squarefree integers n + a 0 , n + a 1 , n + a 2 , . . . , n + a k ,
imposes certain restriction on the (k + 1)-tuple (a 0 , a 1 , . . . , a k ). A stronger restriction is required for sequence of prime (k + 1)-tuples , see [2] , and the literature for extensive details.
Definition 4.1. A k-tuple (a 0 , a 1 , . . . , a k ) is called admissible if the numbers a 0 , a 1 , . . . , a k is not a complete residues system modulo p for any prime p ≤ k. 
Proof. The earliest proof seems to be that in [7] , and [36] . Recent proofs appear in [35] , and the literature.
The constant coincides with the density of 2-consecutive squarefree integers. Its approximate numerical value is
where q ≥ 2 ranges over the primes. 
The earliest result in this direction appears to be
where c > 0 is the constant (29) , is studied in [36] . Except for minor adjustments, the generalization to sequences of (k + 1)-tuples of squarefree integers has the same structure.
Theorem 4.1. Let a ≥ 1 and s ≥ 2 be small integers. Let x ≥ 1 be a large number, and let µ s : Z −→ {−1, 0, 1} be the s-power free characteristic function. Then,
where q ≥ 1 is a constant, and
and ε > 0 is an arbitrary small number depending on k and q.
Proof. Consult [36] , [35, Theorem 1.2], [54] , and the literature.
The literature does not seem to offer any results for squarefree twin integers n and n + a, which are relatively prime to q = q(a). A plausible result might have the form given below. 
where dependence correction factor c 2 (q, a) ≥ 0, and δ > 0 is a small number.
The dependence correction factor c 2 (q, a) ≥ 0, and the parameter q = q(a) depends on a ≥ 1. For instance, for a = 2b + 1 odd, the value q = q(a) must be odd, and c 2 (q, a) > 0, otherwise c 2 (q, a) = 0 for even q.
Summatory Functions For s-Power Free Integers
The subset of k-power free integers is usually denoted by
and the complementary subset of non s-free integers is denoted by
The number s-power free integers have the following asymptotic.
Lemma 5.1. Given an integer s ≥ 2, let µ s (n) be the sth-Mobius function. Then, for any sufficiently large number x ≥ 1,
Proof. The basic sth-Mobius function µ s is explained in Definition 2.4. This result is attributed to Gegenbauer, 1885. Recent proofs are provided in [29] and the literature.
Given an integer s ≥ 2, let µ s (n) be the sth-Mobius function. Then, for any sufficiently large number x ≥ 1,
Proof. Same as the proof of Lemma 3.2, mutatis mutandus.
Conjecture 5.1. Given a pair of integers s ≥ 2, and q ≥ 2, let µ s (n) be the sth-Mobius function. Then, for any sufficiently large number x ≥ 1,
6 Correlation Functions For s-Power Free Integers Theorem 6.1. Let s ≥ 2) be an integer. Let x ≥ 1 be a large number, and let µ s : Z −→ {−1, 0, 1} be the characteristic function of s-power free integers. Then,
where
and α(p, a) = 14 7s + 8 (52) and ε > 0 is an arbitrary small number.
Proof. Different proofs are given in [47] , [1, Theorem 1.2], which have slightly different remainder terms.
The main problems in this area are the determination of the best remainder terms for various summatory functions. For instance, the remainder term
x (53) in Theorem 6.1 is expected to satisfies the upper bound R s (x) = O(x 1/2s+ε ) for any small number ε > 0. A survey of the literature on s-power free integers and arithmetic functions is presented in [45] .
x is the best unconditional remainder term.
The literature does not seem to offer any results for s-power free twin integers n and n + a, with a ≥ 1. A plausible result might have the form given below. 
where c s (q, a) ≥ 0 is a constant, and δ > 0 is a small number.
The constant c s (q, a) ≥ 0 and the parameter q = q(a) depend on a ≥ 1. For instance, for a = 2b + 1 odd, the value q = q(a) must be odd, and c s (q, a) > 0, otherwise c s (q, a) = 0 for even q.
Probabilities For Consecutive Squarefree Integers
The events of 2 consecutive squarefree integers X 0 and X 1 are dependent random variables. Similar, the events of 3 consecutive squarefree integers X 0 , X 1 , and X 2 are dependent random variables. The probability P (µ(X 0 ) = ±1, µ(X 1 ) = ±1) for 2 consecutive squarefree integers is asymptotic to the constant attached to the main term in Lemma 4.1. Specifically,
The reduction from independent events is measured by the dependence correction factor
The probability P (µ(X 0 ) = ±1, µ(X 1 ) = ±1, µ(X 2 ) = ±1) for 3 consecutive squarefree integers is asymptotic to the constant attached to the main term in Lemma 4.2. Specifically,
Accordingly, consecutive squarefree integers are highly correlated.
Primitive Roots Test
For a prime p ≥ 2, the multiplicative group of the finite fields F p is a cyclic group for all primes.
Definition 8.1. The order min{k ∈ N : u k ≡ 1 mod p} of an element u ∈ F p is denoted by ord p (u). An element is a primitive root if and only if ord p (u) = p − 1.
The Euler totient function counts the number of relatively prime integers ϕ(n) = #{k ≤ n : gcd(k, n) = 1}.
is an integer such that gcd(a, n) = 1, then a ϕ(n) ≡ 1 mod n.
for all prime divisors p | ϕ(n). 
Representations of the Characteristic Functions
The characteristic function Ψ : G −→ {0, 1} of primitive elements is one of the standard analytic tools employed to investigate the various properties of primitive roots in cyclic groups G. Many equivalent representations of the characteristic function Ψ of primitive elements are possible. Several of these representations are studied in this section.
Divisors Dependent Characteristic Function
A representation of the characteristic function dependent on the orders of the cyclic groups is given below. This representation is sensitive to the primes decompositions q = p e1 1 p e2 2 · · · p et t , with p i prime and e i ≥ 1, of the orders of the cyclic groups q = #G. Lemma 9.1. Let G be a finite cyclic group of order p− 1 = #G, and let 0 = u ∈ G be an invertible element of the group. Then
There are other proofs in the literature. Some details on this characteristic function are given in [16, p. 863 ], [33, p. 258 ], [38, p. 18] . The works in [12] , and [59] attribute this formula to Vinogradov. But some authors make an earlier reference to Landau.
The characteristic function for multiple primitive roots is used in [11, p. 146 ] to study consecutive primitive roots. In [15] it is used to study the gap between primitive roots with respect to the Hamming metric. And in [59] it is used to prove the existence of primitive roots in certain small subsets A ⊂ F p . In [12] it is used to prove that some finite fields do not have primitive roots of the form aτ + b, with τ primitive and a, b ∈ F p constants. In addition, the Artin primitive root conjecture for polynomials over finite fields was proved in [44] using this formula.
Divisors Free Characteristic Function
It often difficult to derive any meaningful result using the usual divisors dependent characteristic function of primitive elements given in Lemma 9.1. This difficulty is due to the large number of terms that can be generated by the divisors, for example, d | p − 1, involved in the calculations, see [16] , [15] for typical applications and [37, p. 19] for a discussion.
A new divisors-free representation of the characteristic function of primitive element is developed here. This representation can overcomes some of the limitations of its counterpart in certain applications. The divisors representation of the characteristic function of primitive roots, Lemma 9.1, detects the order ord p (u) of the element u ∈ F p by means of the divisors of the totient p − 1.
In contrast, the divisors-free representation of the characteristic function, Lemma 9.2, detects the order ord p (u) ≥ 1 of the element u ∈ F p by means of the solutions of the equation τ n − u = 0 in F p , where u, τ are constants, and 1 ≤ n < p − 1, gcd(n, p − 1) = 1, is a variable.
Lemma 9.2. Let p ≥ 2 be a prime, and let τ be a primitive root mod p. If u ∈ F p is a nonzero element, and ψ = 1 is a nonprincipal additive character of order ord ψ = p, then
Arbitrary Subset Characteristic Function
The previous construction easily generalize to arbitrary subset of the ring Z/pZ, and other rings.
Lemma 9.3. Let p ≥ 2 be a prime, and let A ⊂ Z/pZ be an arbitrary subset. Let ψ = 1 be a nonprincipal additive character of order ord ψ = p. Then,
Proof. Consider the equation
where u is fixed, and a variable x ∈ A. Clearly, it has a solution if and only if the fixed element u ∈ A.
Estimates Of Exponential Sums
This section provides simple estimates for the exponential sums of interest in this analysis. There are two objectives: To determine an upper bound, proved in Theorem 10.2, and to show that
where E(p) is an error term, this is proved in Lemma 10.1. 
Incomplete And Complete Exponential Sums
, and any arbitrary small number ε ∈ (0, 1/2).
Proof.
A complete proof appears in [8, Theorem 5.2] .
The upper bound given in Theorem 10.2 seems to be optimum. A different proof, which has a weaker upper bound, appears in [19, Theorem 6] , and related results are given in [4] , [18] , [21] , and [22, Theorem 1].
Equivalent Exponential Sums
For any fixed 0 = b ∈ F p , the map τ n −→ bτ n is one-to-one in F p . Consequently, the subsets
have the same cardinalities. As a direct consequence the exponential sums
have the same upper bound up to an error term. An asymptotic relation for the exponential sums (68) is provided in Lemma 10.1. This result expresses the first exponential sum in (68) as a sum of simpler exponential sum and an error term.
Lemma 10.1. Let p ≥ 2 be a large primes. If τ be a primitive root modulo p, then,
Proof.
A complete proof appears in [8, Lemma 5.1].
The same proof works for many other subsets of elements A ⊂ F p . For example,
for some constant c > 0.
11 Asymptotic Formulas For The Main Terms
Main Term For k + 1 Consecutive Primitive Roots
Lemma 11.1. Let p ≥ 2 be a large prime, let k ≪ log p, and let ϕ be the totient function. Then,
Proof. Each inner sum has the exact value ϕ(p − 1)/p. Hence,
Last, but not least use the readjustment
to obtain the standard form of the main term.
Main Term For k + 1 Consecutive Squarefree Primitive Roots
The list of numbers a 0 , a 1 , . . . , a k forms an increasing sequence of distinct integers, an admissible (k + 1) tuple, see Definition 4.1.
Lemma 11.2. Let p ≥ 2 be a large prime, let k ≪ log p, and let ϕ be the totient function. Then,
where ε > 0 is an arbitrarily small number.
Proof. Rearrange the finite sum and observe that each inner sum has the exact value ϕ(p − 1)/p = gcd(n,p−1)=1 1. Hence,
The last line follows from Theorem 4.1 applied to the correlation function, and ε > 0 is an arbitrarily small number. Now, use the readjustment
Main Term For Squarefree Twin Primitive Roots
Lemma 11.3. Let p ≥ 2 be a large prime, let ϕ be the totient function, and let µ be the Mobius function. Then,
Proof.
Rearrange it and simplify it as
The last line follows from Lemma 4.1 or Theorem 4.1 applied to the correlation function. Lastly, use the readjustment
Main Term For Squarefree Triple Primitive Roots
Lemma 11.4. Let p ≥ 2 be a large prime, let ϕ be the totient function, and let µ be the Mobius function. Then, the number of three consecutive squarefree primitive root has the asymptotic formula
Proof. Rearrange it and simplify it as
The last line follows from Lemma 4.2 or Theorem 4.1 applied to the correlation function. Lastly, use the readjustment
Main Term For s-Power Free Primitive Roots
Lemma 11.5. Let p ≥ 2 be a large prime, let s ≥ 2 be an integer, and let µ s be the characteristic function of s-power free integers. Then,
Proof. Simplify the double sum:
Replace the characteristic function for s-power free integers, see Lemma 2.2, and reverse the order of summation:
Main Term For s-Power Free Twin Primitive Roots
Lemma 11.6. Let p ≥ 2 be a large prime, let a 0 = a 1 and s ≥ 2 be small integers. Let µ s be the s-power free characteristic function. Then,
where ρ(s) = 1, 2, α(s) < 1 and ε > 0 is an arbitrary small number.
The last line follows from Theorem 6.1 applied to the correlation function. Lastly, use the readjustment
Main Term For Relatively Prime Primitive Roots
Lemma 11.7. Let p ≥ 2 be a large prime, and let q ≤ p − 1 be a fixed integer. Then,
Replace the characteristic function for relatively prime numbers, see Definition 2.5, and rearrange the order of summation:
where ϕ(n)/n = d|n µ(d)/d, see Section 2. Lastly, use the readjustment
Main Term For Relatively Prime Twin Primitive Roots
The identity ϕ(n) = gcd(d,n)=1 1, and the estimate d|q |µ(d)|= O q δ for δ > 0 is a small number, see Section 2, are used within the proofs.
Lemma 11.8. If p ≥ 2 is a large prime, let a ≥ 1 and q ≤ p − 1 be a pair of fixed integers. Then,
where c 2 (q, a) ≥ 0 is a dependence correction factor, and δ > 0 is a small number.
where c 2 (q, a) ≥ 0 is a dependence correction factor. Continuing yield
where δ > 0 is a small number, and d|q |µ(d)|= O(q δ ) = O p δ . Lastly, use the readjustment
The above proof is a simplified version, it does not show the details of the dependence between the variables d | and e | q in the last line of (96). It simply includes a dependence correction constant c 2 (q) > 0.
Main Term For Squarefree And Relatively Prime Primitive Roots
Lemma 11.9. Let p ≥ 2 be a large prime, and let q = O(log p) be a fixed integer. Then,
Apply Lemma 3.3 to the inner sum:
Lastly, use the readjustment
Main Term For Squarefree And Relatively Prime Twin Primitive Roots
Lemma 11.10. Assume conjecture 4.1. If p ≥ 2 is a large prime, let a ≥ 1 and q ≤ p − 1 be a pair of fixed integers. Then,
Set x = p, and apply Conjecture 4.1 to the inner finite sum:
where c 2 (q, a) ≥ 0 is a dependence correction factor, and δ > 0 is a small number. Lastly, use the readjustment
The Estimates For The Error Terms
The upper bounds for exponential sums over subsets of elements in finite fields F p studied in Section 10 are used to estimate the error terms for the different configurations of consecutive primitive roots in Theorem 1.2 and the other results. 
for all sufficiently large primes p ≥ 2, and an arbitrarily small number ε > 0.
Proof. By hypothesis u = 0, ±1, v 2 is not a primitive root. Thus, S 1 = −ϕ(p − 1). Rearrange the finite sum as
The third line in equation (107) follows from Lemma 10.1. The first exponential sum U p has the exact evaluation
where 0<m≤p−1 e i2πum/p = −1 for any u ∈ [1, p − 1]. The second exponential sum V p has the upper bound
where ε < 1/2 is an arbitrarily small number, see Theorem 10.2. Taking absolute value in (107), and replacing the estimates (108) and (109) return
No effort was made to optimize the error term in Lemma 12.1. However, it should be noted that the best possible is p 1/2+ε , see Theorem 10.2.
Error Term For k + 1 Consecutive Primitive Roots
Lemma 12.2. Let p ≥ 2 be a large prime, let k < log p/log log log p be an integer, and let τ be a primitive root mod p. If the element n + a i = 0, ±1, v 2 is not a primitive root for i = 0, 1, 2, ..., k, then,
Proof. By hypothesis n + a i = 0, ±1, v 2 is not a primitive root for i = 0, 1, 2, ..., k. Thus, E(k, p) = −(ϕ(p − 1)/p) k+1 p. Rewrite the multiple finite sum as a product E(p, τ ) = S 1 × S 2 . The first sum indexed by m = m 0 and n = n 0 has a nontrivial upper bound
see Lemma 12.1. The product of the remaining sums indexed by m i and n i , i ∈ {1, 2, . . . k − 1} have the trivial upper bound
Merging (112) and (113) returns
The last inequality uses ϕ(p − 1)/p ≤ 1.
Error Term For s-Power Free Primitive Roots
Lemma 12.3. Let p ≥ 2 be a large prime, let τ be a primitive root mod p, and let µ s be the characteristic function of s-power free integers. If the element n = 0, ±1, v 2 is not a primitive root, then,
Proof. Same as Lemma 12.1, mutatis mutandus.
Error Term For k + 1 Consecutive Squarefree Primitive Roots
Lemma 12.4. Let p ≥ 2 be a large prime, let 0 ≤ a 0 , a 1 , a 2 , . . . , a k be an admissible (k + 1)-tuple of integers, and let τ be a primitive root modulo p. If the element n + a i = 0, ±1, v 2 is not a primitive root for i = 0, 1, 2, ..., k, then,
Proof. Same as Lemma 12.2, mutatis mutandus.
Error Term For Restricted k + 1 Consecutive Primitive Roots
Lemma 12.5. Let p ≥ 2 be a large prime, let 0 ≤ a 0 , a 1 , a 2 , . . . , a k be an admissible (k + 1)-tuple of integers, and let τ be a primitive root modulo p. If the element n + a i = 0, ±1, v 2 is not a primitive root for i = 0, 1, 2, ..., k, and f (n) ≪ 1 is a bounded arithmetic function, then,
Proof. Use the fact that |f (n)|≪ 1, and the same technique as Lemma 12.2, mutatis mutandus.
Some Collections Of Primes
Some information on the collections of primes of interest in the theory of consecutive and quasi consecutive primitive roots are recorded in this Section.
Average Primes
The subset of average random primes is taken to be P = {2, 3, 5, 7, 11, 13, · · ·}.
It consists of all the primes numbers. An average random prime p ≥ 2 has the average totient p − 1 = ϕ(p), has the mean numbers of prime divisors,
and the average value
where r ≤ q ranges over the primes. The theory of the set of primes is highly developed, and a topic of extensive research.
Primorial Primes
The subset of primorial primes
is studied in [5] , and listed in OEIS A014545. A primorial prime has highly composite totient p − 1 = ϕ(p), the maximal numbers of prime divisors
see Lemma 2.1, and the minimal value
where r ≤ q ranges over the primes, see Theorem 2.2. The heuristic claims that there are infinitely many primorial primes. The theory of the subset of primes is at a rudimentary stage, and a topic of current research.
Coprimorial Primes
The subset of coprimorial primes is defined by
The heuristic seems to show the existence of infinitely many coprimorial primes. The collection of these primes is not a topic of research in the literature. The totient p − 1 = ϕ(p) of a coprimorial prime has very few prime divisors
and nearly maximal value
The coprimorial primes have Germain primes type structure.
Germain Primes
The subset of Germain primes is defined by S = {p = 2 a · q + 1 : prime q ≥ 2 and a ≥ 1}.
The heuristic claims that there are infinitely many Germain primes. The theory of the subset of Germain primes is not fully developed, but it is a topic of current research. The totient p−1 = ϕ(p) of a Germain prime has two prime divisors
and the nearly maximal value
where r ≤ q ranges over the primes.
Fermat Primes
The subset of Fermat primes is defined by
The heuristic claims that there are finitely many Fermat primes. The theory of this subset of primes is not fully developed, but it is a topic of current research. The totient p − 1 = ϕ(p) of a Fermat prime has one prime divisor
and the maximal value
Maximal Length Of Consecutive Primitive Roots
The number of prime divisors ω(n) of a random integer n ∈ N is a normal random variable with mean log log n, and standard error √ log log n, see Theorem 2.1, and Lemma 2.1. Roughly, there are three major classes of totients p − 1 = ϕ(p) and the corresponding classes of the primes divisors counting function ω(p − 1).
(1) The subset of primorial primes p = 2·3·5·7 · · · q+1 have highly composite totients p−1 = ϕ(p) and the maximal numbers of prime divisors, see Subsection 13.2.
(2) The average primes p ≥ 2. The average totients p − 1 = ϕ(p) have the mean numbers of prime divisors, Subsection 13.1.
(3) The subset of Fermat primes, Germain primes, and coprimorial primes. The totient p − 1 = ϕ(p) of any of these primes has the minimal number of prime divisors. These primes are described in Section 13.
Lemma 14.1. Let p ≥ 2 be a large prime. Then, the maximal length k ≥ 1 of a string of consecutive primitive roots is as follows.
Proof. The existence of an (k + 1)-tuple implies that
is true, with ε ∈ (0, 1/2), see Theorem 1.1. Equivalently, this is
.
The three different cases are for
respectively.
Definition 14.1. Given a prime p ≥ 2, and k the longest run of consecutive primitive roots in the finite field F p , the length merit ratio is defined bym = k/log p.
The length merit ratio varies as p → ∞, but it remains bounded by a constantm ≪ 1. The Fermat primes p = 2 2 n + 1, n ≥ 0, the Germain primes p = 2 a q + 1, q ≥ 2 primes and a ≥ 1, and some other collections, are expected to have the largest length merit ratio. Some numerical data for small primes are provided here. Observe that these small cases are subject to the Strong law of small numbers, [20] .
Example 14.1. Extreme Case 1. Some statistic for the finite field F p with p = p = 2 4 + 1 = 17. Prime p = 17 Parameters ω(p − 1) = 1, ϕ(p − 1) = 8 Primitive roots 3, 5, 6, 7, 10, 11, 12, 14 Length k 3 Merit factor k/log p = 1.058869
Similarly, the prime p = 2 16 + 1 has the parameters, ω(p − 1) = 1, ϕ(p − 1) = 2 15 , and log p = 11.09. Thus, Lemma 14.1 predicts the existence of some 11-tuples or larger k-tuples of consecutive primitive roots in the set of primitive roots R = {3, 5, 7, 11, 13, 15, . . ..}.
Example 14.2. Extreme Case 3. Some statistic for the finite field F p with p = 2 · 3 · 5 + 1 = 31. Prime p = 31 Parameters ω(p − 1) = 3, ϕ(p − 1) = 8 Primitive roots 3, 11, 12, 13, 17, 21, 22, 24 Length k 3 Merit factor k/log p = 0.873620 
Consecutive Primitive Roots
Consecutive primitive roots is one of the simplest configuration of a subset of two or more primitive roots. A more general result was proved by Carlitz [6] using a counting technique based on Lemma 9.1. A new proof and counting technique based on Lemma 9.2 is given here.
Strings Of k + 1 Consecutive Primitive Roots
Let a 0 , a 1 , a 2 , . . . , a k be a fixed (k + 1)-tuple of distinct integers. Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. A string of k + 1 consecutive primitive roots n + a 0 , n + a 1 , n + a 2 , . . . , n + a k exists if and only if the system of equations τ n0 = n + a 0 , τ n1 = n + a 1 , τ n2 = n + a 2 , . . . , τ n k = n + a k ,
has one or more solutions. A solution consists of a (k + 1)-tuple n 0 , n 1 , . . . , n k of integers such that gcd(n i , p − 1) = 1 for i = 0, 1, . . . , k, and some n ∈ F p . Let
for i = 0, 1, . . . , k, denotes the number of solutions.
Proof. (Theorem 1.1) : The total number of solutions is written in terms of characteristic function for primitive roots, see Lemma 9.2, as N (k, p) = n∈Fp Ψ (n + a 0 ) Ψ (n + a 1 ) · · · Ψ (n + a k ) (138)
The main term is determined by the indices u 0 = u 1 = · · · = u k = 0, and has the form
and the error term is determined by the indices u 0 = 0, u 1 = 0, . . . , u k = 0, and has the form
Applying Lemma 11.1 to the main term and Lemma 12.2 to the error term, yield
for all sufficiently large primes p ≥ 2, and an arbitrary small number ε > 0.
Probabilities Functions For Consecutive Primitive Roots
The forms of the main terms in Theorem 1.1 and Theorem 1.2 imply that a primitive root in a finite field F p is a nearly independent random variable X = X(p).
Definition 16.1. The probability of primitive roots in a finite field F p is defined by
where ε > 0 is a small number.
The occurrence of each primitive root is approximately an independent variable X with probability P (ord p X = p − 1) = ϕ(p − 1)/(p − 1), as demonstrated in Definition 16.1. A random (k + 1)-tuple of consecutive primitive roots is denoted by
where each primitive root X i has order ord p (X i ) = p − 1. The Fermat prime numbers p = 2 2 m + 1 and the Germain primes p = 2 a q + 1, where a ≥ 1 and q ≥ 2 is prime, have the simpler totients p − 1, see Section 13, and descriptions of the probabilities functions of the k + 1-tuples. The precise form for Germain primes is Table 1 demonstrates this well, almost all the listed cases have Germain primes; the exception could be an instance of the Strong Law of Small Numbers. On the other extreme are the collections of highly composite totients p − 1. The precise form for primorial primes p = 2 · 3 · 5 · · · q + 1, where q ≥ 3 is prime, is
where r ≤ q ranges over the primes. Some numerical data are displayed in Figure 1 
Consecutive Squarefree Primitive Roots
The result for the existence of multiple consecutive squarefree primitive roots seems to be new in the literature. The first cases for 2 consecutive squarefree primitive roots n and n + 1, and 3 consecutive squarefree primitive roots n, n + 1 and n + 2 are feasible. But, the existence of 4 consecutive squarefree primitive roots n, n + 1, n + 2 and n + 3 is infeasible. However, there are quasi consecutive squarefree primitive roots of length k ≪ log p for a wide range of prime numbers.
To describe these possibilities, let (a 0 , a 1 , a 2 , . . . , a k ) be a fixed integers (k + 1)-tuple of distinct integers. A string of k+1 quasi consecutive squarefree primitive roots n+a 0 , n+a 1 , n+a 2 , . . . , n+a k is a solution of the systems of equations:
1. τ n0 = n + a 0 , τ n1 = n + a 1 , τ n2 = n + a 2 , . . . , τ n k = n + a k , the primitive root condition.
2. µ 2 (n + a 0 ) = 1, µ 2 (n + a 1 ) = 1, . . . , µ 2 (n + a k ) = 1, the squarefree condition.
A solution is a tuple (n, n 0 , n 1 , . . . , n k ) ∈ N k+2 , with gcd(n i , p − 1) = 1, for i = 0, 1, . . . k. Let
Strings Of k + 1 Consecutive Squarefree Primitive Roots
Proof. (Theorem 1.2) : The total number of solutions is written in terms of characteristic function for primitive roots, see Lemma 9.2, and the characteristic function for squarefree integers, see Lemma 2.2, as
Applying Lemma 11.2 to the main term and Lemma 12.4 to the error term, yield
Squarefree Primitive Roots
Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. A squarefree primitive root n ∈ F p exists if and only if the system of equations τ m = n and µ 2 (n) = 1,
has one or more solutions (m, n) ∈ N × N such that gcd(m, p − 1) = 1, and n ≥ 2. Let N 2 (p) = # n ∈ F p : ord p (n) = p − 1 and µ 2 (n) = 1 (152) denotes the number of solutions.
Theorem 17.1. For any large prime p ≥ 2, the finite field F p contains squarefree primitive roots. Furthermore, the total number has the asymptotic formula
Proof. The total number of solutions is written in terms of characteristic function for primitive roots, see Lemma 9.2, and the characteristic function for squarefree integers, see Lemma 2.2, as
The main term M 2 (p) is determined by the index u = 0, and the error term E 2 (p) is determined by the index u = 0. Applying Lemma 11.5 to the main term and Lemma 12.4 to the error term, yield
for all sufficently large primes p ≥ 2, and an arbitrary small number ε > 0.
Squarefree Twin Primitive Roots
Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. Each squarefree twin primitive roots n + a 0 and n + a 1 is a solution of the systems of equations 1. τ n0 = n + a 0 , τ n1 = n + a 1 , the primitive root condition.
2. µ 2 (n + a 0 ) = 1, µ 2 (n + a 1 ) = 1, the squarefree condition.
A solution is a triple (n, n 0 , n 1 ) ∈ N × N × N such that gcd(n i , p − 1) = 1 for i = 0, 1. Let N 2 (2, p) = # n ∈ F p : ord p (n + a i ) = p − 1, and µ 2 (n + a i ) = 1
for i = 0, 1, denotes the number of solutions.
Theorem 17.2. For any large prime p ≥ 2, the finite field F p contains 2 consecutive squarefree primitive roots. Furthermore, the number of pairs has the asymptotic formula
where ε > 0 is an arbitrary small number. The simplest case is for a 0 = 0, a 1 = 1.
The main term M 2 (2, p) is determined by the indices u 0 = u 1 = 0, and the error term E 2 (2, p) is determined by the indices u 0 = 0, u 1 = 0. Applying Lemma 11.3 to the main term and Lemma 12.4 to the error term, yield
Squarefree Triple Primitive Roots
Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. Each squarefree triple primitive roots n + a 0 , n + a 1 , and n + a 2 is a solution of the systems of equations 1. τ n0 = n + a 0 , τ n1 = n + a 1 , τ n2 = n + a 2 , the primitive root condition.
2. µ 2 (n + a 0 ) = 1, µ 2 (n + a 1 ) = 1, µ 2 (n + a 2 ) = 1, the squarefree condition.
A solution is a triple (n, n 0 , n 1 , n 2 ) ∈ N 4 such that gcd(n i , p − 1) = 1 for i = 0, 1, 2. Let N 2 (3, p) = # n ∈ F p : ord p (n + a i ) = p − 1, and µ 2 (n + a i ) = 1 (160) for i = 0, 1, 2, denotes the number of solutions.
Theorem 17.3. For any large prime p ≥ 2, the finite field F p contains 3 consecutive squarefree primitive roots. Furthermore, the number of pairs has the asymptotic formula
Proof. The simplest case is for a 0 = 0, a 1 = 1, a 2 = 2. The total number of solutions is written in terms of characteristic function for primitive roots, see Lemma 9.2, and the characteristic function for squarefree integers, see Lemma 2.2, as N 2 (3, p) = n∈Fp Ψ (n) Ψ (n + 1) Ψ (n + 2) µ 2 (n)µ 2 (n + 1)µ 2 (n + 2) (162)
The main term M 2 (3, p) is determined by the indices u 0 = u 1 = u 2 = 0, and the error term E 2 (3, p) is determined by the indices u 0 = 0, u 1 = 0, u 2 = 0. Applying Lemma 11.4 to the main term and Lemma 12.4 to the error term, yield
18 Consecutive s-Power Free Primitive Roots
s-Power Free Primitive Roots
Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. A s-power free primitive root n ∈ F p exists if and only if the system of equations τ m = n and µ s (n) = 1,
has one or more solutions (m, n) ∈ N × N such that gcd(m, p − 1) = 1, and n ≥ 2. Let
see Lemma 2.2, denotes the number of solutions.
Theorem 18.1. Let s ≥ 2 be a fixed integer. For any large prime p ≥ 2, the finite field F p contains squarefree primitive roots. Furthermore, the total number has the asymptotic formula
Proof. (Theorem 1.4) : The total number of solutions is written in terms of characteristic function for primitive roots, see Lemma 9.2, and the characteristic function for s-power free integers, see
The main term M s (p) is determined by the indices u = 0, and the error term E s (p) is determined by the indices u = 0. Applying Lemma 11.5 to the main term and Lemma 12.4 to the error term, yield
s-Power Free Twin Primitive Roots
Given a triple of small integers a 0 = a 1 and s ≥ 2. Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. Each string of 2 consecutive s-powerfree primitive roots n + a 0 and n + a 1 is a solution of the systems of equations:
1. τ n0 = n + a 0 , τ n1 = n + a 1 ; the primitive root condition.
2. µ s (n + a 0 ) = 1, µ s (n + a 1 ) = 1; the s-power free condition.
A solution is a triple (n, n 0 , n 1 ) ∈ N × N × N, with gcd(n i , p − 1) = 1, for i = 0, 1. Let N s (2, p, a) = # {n ∈ F p : ord p (n + a i ) = p − 1, and µ s (n + a i ) = ±1} ,
Proof. (Theorem 1.5): The total number of solutions is written in terms of characteristic function for primitive roots, see Lemma 9.2, and the characteristic function for squarefree integers, see Lemma 2.2, as
The main term M s (2, p) is determined by the indices u 0 = u 1 = 0, and the error term E s (2, p) is determined by the indices u 0 = 0, u 1 = 0. Applying Lemma 11.6 to the main term and Lemma 12.4 to the error term, yield
where ρ(s) = 1, 2, and ε > 0 is an arbitrary small number, for all sufficiently large primes p ≥ 2.
Relatively Prime Primitive Roots
The first proof based on Lemma 9.1 and restricted to q = p − 1 was given in [27] . A new proof based on Lemma 9.2, and for any q ≤ p − 1, is given here. The second result for consecutive and relatively prime to q ≥ 2 appears to be a new result in the literature.
Proof. (Theorem 1.6) For a large prime p ≥ 2, the total number of primitive roots relatively prime to a fixed integer q is precisely
In terms of characteristic function for primitive roots, see Lemma 9.2, this is written as The main term M r (p, q) is determined by a finite sum over the trivial additive character ψ = 1, and the error term E r (p, q) is determined by a finite sum over the nontrivial additive characters ψ(t) = e i2πt/p = 1. Applying Lemma 11.7 to the main term and Lemma 12.1 to the error term, yield
Relatively Prime Twin Primitive Roots
The dependence correction factor c 2 (q, a) ≥ 0, and the parameter q = q(a) depends on a ≥ 1. For instance, for a = 1, the value q = q(a) must be odd, and c 2 (q, a) > 0, otherwise c 2 (q, a) = 0 for even q. Basically, the vanishing and nonvanishing are described in these cases: 
To continue the analysis, assume that the parameters a ≥ 1 and q ≥ 1 are admissible, and c 2 (q, a) > 0. Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. Each pair of quasi consecutive primitive roots n, n+a and relatively prime to q = q(a) ≥ 2 is a solution of the systems of equations:
1. τ n0 = n, τ n1 = n + a; the primitive root condition.
2. gcd(n, q) = 1, gcd(n + a, q) = 1. the relatively prime condition.
A solution is a triple (n, n 0 , n 1 ) ∈ N × N × N, with gcd(n i , p − 1) = 1, for i = 0, 1. Let N r (2, p, q) = # {n ∈ F p : ord p (n) = ord p (n + a) = p − 1, gcd(n, q) = gcd(n + 1, q) = 1} (177) denotes the number of solutions.
Proof. (Theorem 1.7) : For a large prime p ≥ 2, the total number of pairs of quasi consecutive primitive roots, both relatively prime to a fixed integer q ≥ 2, is precisely
In terms of characteristic function for primitive roots, see Lemma 9.2, this is written as
The main term M r (2, p, q), which is determined by the indices u = v = 0, has the form
and the error term E r (2, p, q), which is determined by the indices u = 0, v = 0, has the form
(181) Applying Lemma 11.8 to the main term and Lemma 12.2 to the error term, yield
where c 2 (q, a) > 0 is a dependence correction factor with respect to an admissible pair a, q ≥ 1, for all sufficiently large primes p ≥ 2, and an arbitrary small number ε > 0.
Squarefree And Relatively Prime Primitive Roots
The first result for squarefree and relatively prime primitive roots with respect to a fixed integer q ≤ p − 1 is given here. The second result for squarefree and relatively prime twin primitive roots n, n + a with respect to a fixed integer q ≥ 2, and conditional on Conjecture 4.1, is a new result in the literature.
Theorem 20.1. Let p ≥ 2 be a large prime, and let q = O(log p) be an integer. Then, the finite field F p contains squarefree primitive roots relatively prime to q ≥ 2. Furthermore, the number of such elements has the asymptotic formula
Proof. For a large prime p ≥ 2, the total number of primitive roots relatively prime to a fixed integer q < p is precisely N sr (p, q) = n∈Fp gcd(n,q)=1 Ψ(n)µ(n) 2 .
(184)
The main term M sr (p, q) is determined by a finite sum over the trivial additive character ψ = 1, and the error term E sr (p, q) is determined by a finite sum over the nontrivial additive characters ψ(t) = e i2πt/p = 1. Applying Lemma 11.9 to the main term and Lemma 12.3 or Lemma 12.5 to the error term, yield N sr (p, q) = M sr (p, q) + E sr (p, q) (186)
Squarefree And Relatively Prime Twin Primitive Roots
The dependence correction factor c 2 (q, a) ≥ 0, and the parameter q = q(a) depends on a ≥ 1. Basically, the vanishing and nonvanishing are described in these cases: 
To continue the analysis, assume that the parameters a ≥ 1 and q ≥ 1 are admissible, and c 2 (q, a) > 0. Let p ≥ 2 be a large prime, and let τ ∈ F p be a primitive root. Each pair of squarefree twin primitive roots n, n + a and relatively prime to q = q(a) ≥ 2 is a solution of the systems of equations:
2. µ(n) 2 , µ(n + a) 2 ; the squarefree condition.
3. gcd(n, q) = 1, gcd(n + a, q) = 1. the relatively prime condition.
A solution is a triple (n, n 0 , n 1 ) ∈ N × N × N, with gcd(n i , p − 1) = 1, for i = 0, 1. Let Theorem 20.2. Assume Conjecture 4.1. Let p ≥ 2 be a large prime, let a ≥ 1 and q = O(log p) be a pair of integers. Then, the finite field F p contains a pair n and n + a of squarefree primitive roots and relatively prime to q ≥ 2. Furthermore, the number of such pairs has the asymptotic formula N sr (2, p, q) = c 2 (q, a)
where c 2 (q, a) > 0 is a dependence correction factor, and ε > 0 is an arbitrary small number.
Proof. For a large prime p ≥ 2, the total number of squarefree twin primitive roots, both relatively prime to a fixed integer q ≥ 2, is precisely N sr (2, p, q) = n∈Fp gcd(n,q)=1 gcd(n+a,q)=1 Ψ(n)Ψ(n + a)µ(n) 2 µ(n + a) 2 .
(190)
In terms of characteristic function for primitive roots, see Lemma 9.2, this is written as 
and the error term E sr (2, p, q) is determined by the indices u = 0, v = 0, and has the form as (191). Applying Lemma 11.10 to the main term and Lemma 12.5 to the error term, yield
Proof. The density constant in the main term of Theorem 17.2 is the probability of having two consecutive squafree primitive roots. Next, use a series of steps to reduces to a simpler product:
The last line is product of the individual probabilities, which implies that the two properties of the consecutive random integers X 0 , X 1 are independent. The reduction from independent events is measured by the dependence correction factor c 2 (2) = q≥2 1 + 1 q 2 (q 2 − 2) −1 = 0.87298595344931361877174511 . . ..
(197) Lemma 21.2. Let p ≥ 2 be a large prime. Let X i be a random squarefree primitive root. Then, a triple of random consecutive squarefree primitive roots X 0 , X 1 , X 2 in a finite field F p is a dependent random variable. Specifically, the probability of a triple of random consecutive squarefree primitive roots is P (ord(X 0 ) = ord(X 1 ) = ord(X 2 ) = p − 1 and µ(X 0 ) = ±1, µ(X 1 ) = ±1, µ(X 2 ) = ±1)
The last line is product of the individual probabilities, which implies that the two properties of the consecutive random integers X 0 , X 1 , X 2 are independent. The reduction from independent events is measured by the dependence correction factor
The pattern of the probability function for consecutive squarefree primitive roots breaks down for 4 consecutive squarefree primitive roots since 1 − 4 q 2 = 0 at q = 2.
Problems
Several interesting problems of different level of complexities are presented in this section. The range of difficulty ranges from easy to very difficult. Show that there are infinitely many admissible 4-tuples (a 0 , a 1 , a 2 , a 3 ), and each one generates infinitely many squarefree integers 4-tuples (n + a 0 , n + a 1 , n + a 2 , n + a 3 ) as n → ∞.
Least Consecutive Primitive Roots In Finite Fields
For example, (n, n + 1, n + 3, n + 5), with n ≥ 1.
Simultaneous Primitive Root In Finite Fields
Exercise 22.6. Let p ≥ 2 and q ≥ 2 be large distinct primes. Develop an algorithm for computing a simultaneous primitive root u = ±1, v 2 modulo p and modulo q.
Exercise 22.7. Let p ≥ 2, q ≥ 2, and r ≥ 2 be large distinct primes. Develop an algorithm for computing a simultaneous primitive root u = ±1, v 2 modulo p modulo q, and r.
Consecutive And Relatively Prime Primitive Roots
Exercise 22.8. Let p ≥ 2 be a large prime, and let q ≥ 1 be a fixed integer. Prove that there are infinitely many consecutive prime primitive roots and relatively prime to q. Determine an asymptotic formula for the number of k ≥ 3 consecutive primitive roots n, n + a, and n + b in the finite field F p and relatively prime to q.
Exercise 22.9. Let p ≥ 2 be a large prime, and let q ≥ 1 be a fixed integer. Prove a result on the distribution of pairs of consecutive primitive roots relatively prime to q.
Exercise 22.10. Let p ≥ 2 be a large prime, and let B ≥ 1 be a fixed integer. Prove the existence of pairs of consecutive smooth primitive roots relative to B. .
Summatory Functions And Primitive Roots

